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Abstract— We consider a multiagent coordination problem
where the objective is to steer a group of agents into a
formation that translates along a predefined trajectory velocity.
Unlike previous control strategies that require a static desired
formation or set of desired formations, we introduce a strategy
in which one agent assigns a scale for the formation and the re-
maining agents adjust to the new scale. Thus, the formation can
dynamically adapt to changes in the environment and in group
objectives or respond to perceived threats. We introduce two
strategies: one that requires agents to communicate estimates
of the desired formation scale along edges of a communication
network and one that only requires relative position sensing
among agents. We show that the former strategy guarantees
stability for any desired connected formation. For the latter
strategy, we present a geometric constraint which can be used
with the small gain theorem.

I. INTRODUCTION

Group coordination of mobile agents using distributed
feedback laws has been an active area of control theory
research in recent years. The main emphasis of such co-
ordination problems is to achieve a desired group behavior
using only local feedback rules [1], [2], [3], [4]. In particular,
formation control as a desired group behavior has received
considerable attention, such as in [5], [6], [7]. Use of artificial
potential fields for formation control is explored in [8],
formation control strategies with communication topology
switching are investigated in [9], and strategies allowing the
desired formation to switch among various configurations is
presented in [10].

In this paper, we consider the problem of formation control
along a velocity trajectory when only one agent knows
the desired formation size. The remaining follower agents
estimate the desired formation size and proceed with a co-
operative control law utilizing this estimate. By allowing the
size of the formation to change, the group can dynamically
adapt to changes in the environment such as unforeseen
obstacles along the trajectory path, adapt to changes in group
objectives, or respond to threats.

We present two strategies for updating the desired for-
mation size estimates. In the first strategy, we assume a
communication topology exists among the agents, allowing
the agents to share formation size estimates. Rather than
permitting the leader to simply dictate the desired formation
scale, which requires a communication structure heavily
dependent on the identity of the leader, we present an update
rule utilizing the internal estimates of multiple neighbors
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while still guaranteeing stability for any desired formation.
The advantage to this approach is that the follower agents do
not need to know which agent is the leader. For example, the
leader could be changed during operation without communi-
cating this change to the remaining agents. In some scenarios,
we are interested in the minimum amount of information
required to allow formation scaling and control as it may
be undesirable or impossible for the agents to actively
communicate with one another. In the second strategy, we
assume that only relative position information defined by a
sensing topology is available to each agent. In this strategy,
no interagent communication is needed.

This paper is organized as follows: In Section II, we
introduce the problem statement. In Section III we intro-
duce a cooperative control strategy that requires interagent
communication and guarantees stability for any connected
formation. In Section IV we introduce a strategy that does not
require interagent communication. In this case, we use the
small gain theorem to derive a sufficient geometric condition
for stability. In Section V, we present simulation results,
and in Section VI, we summarize our results and provide
directions for future research.

II. PROBLEM DEFINITION

Consider a team of n agents each represented by the vector

z; € RP ¢ =1,...,n, and assume each agent is modeled
with double integrator dynamics:

i = fi. (L
We define z = [z 21 22 ... 2117 and v =  to denote the

stacked vector containing the velocities of all of the agents.

We assume there is a position sensing topology by which
agents are capable of inferring the relative position of other
agents. We represent this topology with a sensing graph
with n nodes representing the n agents. We assume relative
position sensing is bidirectional, and if agent ¢ and agent j
have access to the quantity x; — x;, then the ith and jth
nodes of the sensing graph are connected by an edge.

Suppose there are m edges in the sensing graph. We
arbitrarily assign a direction to each edge of the sensing
graph and define the n X m incidence matrix D as:

+1 if node ¢ is the head of edge j
dij = —1
0 otherwise

if node i is the tail of edge j

where d;; is the ijth entry of D. Since the graph is
bidirectional, this choice of direction does not affect any of
the following results.



Suppose the agents are to maintain a certain formation by
maintaining the relative interagent distances defined by the
sensing topology. Suppose, in addition, it is allowable for
the formation size to change, and one agent (for notational
simplicity and without loss of generality, agent n) chooses
a constant target formation scale A\*. Each other agent
possesses a local formation scalar \; representing its estimate
of \*. We define X :=[A\; Ay ... \,]7.

Our goal is to achieve the following three desired group
behaviors:

B1) Each agent reaches in the limit a common velocity
vector v(t) for the group, i.e.
lim |%; —v(t)| =0, i=1,...,n. (2)
t—oo
B2) Each agent’s formation scaling factor reaches A* in the
limit, i.e.
lim |\; — A*| =0, i=1,...,n. 3)
t—o0

B3) The relative position of two agents connected by an

edge k
n
ZE = Zdlkxl (4)
i=1
converges to a prescribed target value )\*zfj for each
k=1,...,m.
Note that z¢ = [¢" ... 24")T must be designed such that

24 € R(DT ® I,) where R denotes range space, @ is the
Kronecker product operator, and I, denotes the p X p identity
matrix.

III. FORMATION SCALING WITH COMMUNICATION
BETWEEN AGENTS

We begin by defining a linear controller for the input f;
to each agent:

fi=— Zdij(zj - Aizjd) —ki(@; —o(t) +ot)  (5)
j=1

where k; > 0 is a damping coefficient. Let 1,, denote the
length n column vector of all ones and define

o(t) = (t) — 1, @ v(t) 6)
and
Z;nzl dljz‘? 0
I':.= @)
0 it dnj?]

which can be written compactly as I' := diag{(D ® I,,) 2%} -
(I ®1,) where the diag{-} operation converts a vector into
a diagonal matrix with the elements of the vector along the
diagonal. Then (5) can be written in matrix form as

f=—DL)z+TA— (K@)t +1,0() (8)
where K =  diag{[k ky]} and f =
T
il il
Given that \,, = \* is constant, we now seek to design an
update rule for A, ..., A\,_1. Suppose agents are capable of

communicating a scalar quantity to other agents. One obvious
approach allows the leader agent to communicate the desired
formation scale to its neighbors, who in turn communicate
the desired scale to their neighbors, etc. This approach
requires each agent to know a priori which neighboring
agent forms a path to the leader, may not be robust to
dropped communication links, and does not adapt well to a
reassignment of the leader since a different communication
tree is required for each possible leader agent. We now
present an alternative approach in which a communication
structure and update rule are designed to address these
shortcomings.

Suppose each agent can share its formation scaling factor
with neighboring agents as defined by a communication
graph with n nodes labeled vy, ..., v, where an edge points
from agent ¢ to agent j if ¢ has access to j’s scaling factor,
and this edge is denoted by (v;,7;). We will assume there
exists a directed path from any node v; to the leader for all
i # n (in the undirected case, this condition is equivalent
to connectedness). We denote the communication graph by
G = (V,E) where V = {v1,...,v,} is the vertex set of
the graph and £ C V x V is the edge set of the graph. Let
I'; = (D; ® I,)2% be the p x 1 block of T' corresponding to
agent ¢’s control input where D, indicates the ith row of the
incidence matrix D, and define tunable parameters «;; > 0
for 4,5 = 1,...,n such that a;; > 0 iff (v;,v;) € £. We
propose the following control strategy:

D7 i (= A) = Bp T (v —w(t) ()

JENE

Si=

for i = 1...n — 1 where (3 is a tunable, scalar parameter
such that 5 > 0, NY = {j : (v,v;) € £}, and p; is
a positive scalar designed below to ensure stability. Note
that A, = 0. This control strategy is intuitively appealing
because it includes an agreement expression among the
scaling parameters and an additional term dependent on the
velocity error.
Define

=2 — N2 (10)

and

A= (A= A\"1,). (11)

Let A and 2\ be A and \ with the last element removed, i.e.

A=A o )t (12)

and

A=A —=X1,q). (13)

Then objectives B1-B3 amount to asymptotic stability of the
origin for the closed loop system with state

X =T 57 3T (14)
Let L be an n x n matrix defined by
lij = 2k O Z :]. (15)
—Q4j, i # J.



Since agent n does not update its scaling factor via feedback,
we set the last row of L to 0. L is called the graph Laplacian
of the communication graph, and when we refer to the graph
Laplacian of a given graph with edge weights, we imply the
above construction.

Define L to be L with the last row removed, and define
L to be L with the last row and the last column removed.
Also, let I" be equal to I' with the last column removed, and
let P = diag{ [pl pn,l]} . Then (9) can be written
in matrix form as

A=A=—LX— 8P 'TT5 (16)
=LA+ L\1, — 8P 'IT% A7)
=—L)\ - 3P'I73, (18)

where we use the fact that L1,, = 0,, and hence L1,, = 0,,_1
where 0,, denotes the length n column vector of all zeros.
It is apparent from (8) that

f=—-DL)z4+TA— (K@ L)t +1,®0(t) (19)
= - (D®I)z -\ (D®I,)2% +TA
+ A T1, — (K®1,)0+ 1, ® 0(t). (20)
This gives
t=—(D®L):+TA— (K®I,). Q1)
Because :\n =0, (21) can be written as
b =—(D®I,)%+TA— (K ® ). (22)

Let 0,,«,, denote the n x m matrix all zeros. When the
dimensions are clear, the subscript is omitted. The dynamics
of (8) and (18) can then be formulated as a homogenous
linear system

. -K®l, -D®I, T
X=|Del, 0 0 X (23)
—ppP~'TT 0 —L
evolving on the following invariant subspace of

R(ner)ernf 1 .

Sx ={(0,%,\) : 0 e Rz e R(DT @ I,,), € R""'}.
(24)
To facilitate the proof of the stability of (23), we now
introduce a generalization of Lemma 10.36 in [11] to the
case of a directed communication topology.

Lemma 1. All eigenvalues of L are in the open right half
plane.

Proof: Let B(a,R) be the closed disk of radius R
centered at a. The Gershgorin circle theorem states that all
eigenvalues of L are located in the union of the following
n — 1 disks:

Bi (lii7 Z;‘I:_ij#i |lij|) 71' = 1’ cn— 1.

But l;; > — Z;le]# l;;], so the union of the n—1 disks lie
in the closed right half plane and may only intersect the jw-

axis at the origin. It remains to show that L does not have a

(25)

zero eigenvalue. As a proof by contradiction, assume L has a
nontrivial nullspace such that Lw = 0 for some nontrivial w.
Because the last row of L is 07, we have [w? 0] TeN(@)
where N denotes null space. By our assumption that the
communication graph contains a directed spanning tree, the
rank of L is n — 1 [2]. Therefore, {1} forms a basis for the
nullspace of L, forming a contradiction. [ ]
We require the p;s in (9) to be chosen such that

LTP+PL>0 (26)

where P is a diagonal matrix with the p;s along the diagonal.
A diagonal solution P > 0 to (26) exists because L has
nonnegative diagonal and nonpositive off-diagonal entries
and eigenvalues in the open right half plane ([12], Chapter
6, Theorem 2.3).

In many practical cases, p; can be taken to be 1 for all
1. In particular, if the subgraph induced by removing the
leader agent and its edges is balanced (i.e., Z;;L i Qi =
Z;le j£i @ij), then L” + L is positive definite and P can be
taken to be the identity as shown in the following corollary.
This encompasses any case in which the communication
graph is bidirectional.

Corollary 1. Let G; be the subgraph of the communication
graph induced by removing the leader agent. If G; is bal-
anced, then LT + L > 0.

Proof: Let E be the set of edges connected to node n
in G with the same edge weighting but with the head and
tail of these edges reversed. Define G* := (V,EUE), i.e. G*
is the communication graph with additional edges pointing
towards the leader node. By construction, G* is balanced. Let
L* be the graph Laplacian corresponding to G*. Note that L
is also equal to L* with the last row and column removed.
Because G* is balanced, L} = L* + (L*)T > 0 [3]. Note
that Ly = L + LT is a principle subminor of L%, hence
L, > 0. Also note that, because G* is balanced, 17 is a
left eigenvector of LY. As a proof by contradiction, suppose
L, has a nontrivial nullspace such that Lw = 0 for some
nontrivial w. Because lTLf; = 0, we see that the last row
of LY is a linear combination of the remaining rows, and
hence y = [w” O]T € N(L¥). But {1} forms a basis for
the nullspace of L, a contradiction.

]

Theorem 1. The origin of (23)—(24) with P selected as in
(26) is asymptotically stable.

Proof:
Case 1. (3 > 0) We construct a Lyapunov function
1 T~
V=@ 5+TE 457 P 20 @D

Let Q := LTP + PL.
Then

V=—tT(K®L)s—A <ﬁ1;Q) A<0.  (28)



(b)

Fig. 1. (a) 4-agent, 5-edge sensing graph with edge indexing based on the
monitoring subgraph. (b) One possible monitoring graph constructed from
the sensing graph.

We now use LaSalle’s invariance principle. Note that V=
0 means ¥ = 0, A = 0. From (23), this implies Z € V(D ®
I,,) for all t. Recalling that Z € R(DT®1I,) = N(D®1,)*,
we see that Z = 0. Hence, V=0iff z = 0, \ = 0, and
zZ = 0. Therefore, X = 0 is asymptotically stable.
Case 2. (8 = 0) The resulting transition matrix of (23) is then
upper triangular, and therefore the system is asymptotically
stable iff the subsystems

v| [-K®I, —-D®I,)[v
| | DTel, 0 z

A=—L}

(29)

and
(30)

are asymptotically stable. (30) is clearly asymptotically sta-
ble, and (29) can be seen to be asymptotically stable by a
Lyapunov argument and again invoking LaSalle’s invariance
principle as in Case 1. [ ]

IV. FORMATION SCALING WITH NO COMMUNICATION

We again consider agent dynamics of the form in (5).
However, we now present an update rule for \; that does
not require agents to share local scaling estimates with
other agents, i.e. only relative position information is shared
along edges in the sensing graph. From the sensing graph,
we construct a directed spanning tree (also known as an
arborescence [13]) rooted at the leader with the following
properties:

1) The arborescence contains all the vertices and a (di-
rected) subset of the edges of the sensing graph.

2) Each vertex except the leader is the head of exactly
one edge. The leader agent is the head of no edge.

3) A directed path exists from the leader node to all other
nodes.

We call this graph the monitoring graph. Without loss of
generality and for notational purposes, assume the leader is
again agent n. To simplify notation and analysis, for each
edge in the monitoring graph, we number the corresponding
edge in the sensing graph to match the head node index of
that edge in the monitoring graph, and we arbitrarily index
the remaining edges of the sensing graph. Fig. 1 shows an
example of a formation with the sensing graph, one possible
construction of the monitoring graph, and the induced edge
indexing scheme.

The proposed update rule for other agents is

: AT
)\i<>\i(zl) Z) fori=1,....n—1. (31

14117

This means that each agent monitors one edge to update its
local formation scaling factor. For notational simplicity, we
let

(=T
B 0
T = (32)
(Z;iz,—l)T
0 [EanE

and ¥ = diag{(D ® I,,)2¢} - (I,-1 ® 1,)), i.e. ¥ is equal to
I" with the last row and column removed. We can then write
the dynamics of (8) and (31) as a homogenous linear system

v -K®l, -D&I, T B
z DT®I, 0 0 Z (33)
5\ 0 I —4in—1 A

where T = [T O(n_1)xp(m_nt1))- Objectives BI1-B3

amount to asymptotic stability of the origin of (33).
We can represent this cooperative control system as the
interconnection of two subsystems as in Fig. 2:

o 0, Z subsystem:

o) _[zKeLl-DeL] 3] OIPWU

| T DTeL, o 7| | pxeln=l) |
Opmxp(n—1)

(34)

3
Y = [Optn—1)xpn| Ipn—1) Opn—1)xp(m—n+1)] u

(35)

DY subsystem:
A=—I, 1A+ Ty (36)
u= W)\ (37)

Note that both subsystems are stable. The stability of
the composite system can be checked using a number of
techniques, including the small gain theorem. Despite its po-
tential conservatism, the small gain theorem gives a stability
condition that can be verified based on the geometry of the
formation. Because both subsystems are linear and stable,
asymptotic stability of the origin of (33) follows from the
small gain theorem stability condition. We first present a
geometric interpretation of the £, gain of the A subsystem:

Theorem 2. The Lo gain of the A subsystem is:

= ]|

max d||

i=1,....n—1 ||z (38)

"=

_ Proof: Let H(s) be the transfer function of the
A subsystem, ie. H(s) = —7¥T. To calculate v, =

sup,, ||H(jw)||2, we note that the supremum occurs when




.
I z
o J —1[0 1 1 0]
0 J
“K|-D .
{I)Tf()] ® I “t
y=| :
u =W\ A Zn—1
[ /== A

Fig. 2. Interconnection of subsystems (34)—(35) and (36)—(37). Dimension
subscripts are removed for clarity.

w = 0 and is equal to ||¥T||5. Observe that ¥ and T are
block diagonal. Therefore, it is clear that ¥T' consists of
n — 1 blocks of dimension p X p along the diagonal. The
singular values of W71 are simply the singular values of each
p X p block.

Let g; = Y0, dijzf fori=1,...,n — 1. We have that
1 is the largest singular value of ¥T', and the p x p blocks

of WT take the form ——g;(2¢)”. The singular values of
L (2T are { o) ’0}.

d
2

i

|
This leads to a geometric criterion ensuring stability when
the small gain theorem is applied: if - is the Lo gain
of the v,Z subsystem, then 1 < 75 1 ensures stability of
the composite system [14]. Note that 7» depends on the
damping coefficients and on the incidence matrix D, but does
not depend on the specifics of the formation geometry. We
now present a bound on 7, in the case when the damping
coefficients are identical for all agents:

Theorem 3. Assume the agents have uniform velocity damp-
ing (ie. k = ki1 = ... = kp). Let p1,...,14n—1 be
the positive eigenvalues of the unweighted sensing graph
Laplacian DDT. Let

1/\/i if k> /2u; 39)
pPi = 2\/Ii . -
e TR < V2

for i = 1,...,n — 1. The Ly gain of the v,z subsystem,
denoted by 7o, satisfies

Y2 < miaX{/)i}- (40)
Proof: Define the following:

Ay Aqs -K®I, -D®I
A= = P P 41
|:A21 A22 DT ® Ip Opmxpm ( )

Infl

B := ® 1 42
[O<m+1>x<n1j g @
C:=[0m-1)xn In-1 Om—1)x(m-nin)] ® L. (43)

We have that the transfer matrix from u to y of the v, 2
subsystem is

G(S) =C (SI(ner)p - A)_l B. (44)

If we view (51(p4m)p —A)~1 as a 2 x 2 block matrix, we see

from the structure of B and C' that G(s) is a submatrix of
the lower left block of (s1(;,4m)p — A)~!. We can compute
the lower left block using block matrix inversion techniques
and obtain an equivalent expression for G(s):

I
G0 = ot St rsn] FO 00

pxp(n—1)
(
where

F(s) = —((8Imp — Agz) + Aoy (sIy — A1)~ H) ™1 (46)
(—Ag)(sIpp — App)H

= [((s®* + ks)I,, + D" D)'D"| @ I, (47)

We are interested in the value of ||F'(s)||2 evaluated along the
jw-axis. First suppose that s = jw where w # 0. Let D =
U1 VT be a singular value decomposition of D with U €
R™*" YV € R™*™ orthonormal, and »; € R™*™ diagonal.
Note that the nonzero diagonal elements of > are ,/p; for
i=1,...,n — 1. It follows that (s* + ks)I,, + DTD =
V((s® + ks)I + £T31)VT, and therefore we can write

(s> + ks)I,, + DT'D)" ' = Vs, V7 (48)

where Y5 is a diagonal matrix with the values 1/(s? + ks +
wi),i =1,...,n — 1 along the diagonal. Thus we see that
for s = jw, w # 0,

F(s) = (VXU @I, (49)

Since V' and U are orthonormal, the nonzero singular values
of F(s) are the nonzero singular values of ¥5%7, which are
Vii/|s* +ks+pil,i =1,...,n—1. In the case when s = 0,
we have

1;\1% [((s* + ks)I,, + D"D)"'D"| @ I, = Dt ® I,, (50)

where T denotes the Moore-Penrose pseudoinverse, and the
singular values of DT are 1/,/; [15]. Thus the p(n — 1)
nonzero singular values of F'(s) when s = jw, w € R are
the second order transfer functions

/]

|s% + ks + pil”
each occurring with multiplicity p due to the Kronecker prod-
uct with the identity in (47). We have thatsup,, 0;(jw) = p;.
We also have that G/(s) is a submatrix of F'(s). It follows that
[|G(9)|l2 < [|F(s)||2 for all s, and hence v2 < max;{p;}.
|

oi(s) i=1,...,n—1, (51)

Corollary 2. Assume the agents have uniform velocity
damping k. Let 1 denote the smallest positive eigenvalue
of DDT, known as the Fiedler eigenvalue of the graph
Laplacian. For sufficiently large k, we have

1
Yo < ——.
VH1

Proof Let u; be the nonzero eigenvalues of DD™. If
k > /2p; for all i, then p; = \/% for all i, and the result
follows. u

(52)
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Fig. 3. Simulation results for a 4-agent, 5-edge formation with no interagent
communication, random initial positions and a desired formation scaling
factor of 2.
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Fig. 4. Simulation results for a 4-agent, 5S-edge formation with interagent
communication, random initial positions and a desired formation scaling
factor of 2.

V. SIMULATION RESULTS

Consider the formation in the plane depicted in Fig.
I(a) where each edge is assigned an arbitrary direction,
D corresponds to the chosen node and edge numbering
and direction assignment, agent 4 is the leader, and the
monitoring subgraph is shown in Fig. 1(b). We let

Zd:

[<05 -1 —05 01 05 -1 05 01 0 09]",
(53)

which is consistent with the shape depicted in Fig. 1(a). We
have that 11, = 2 is the smallest positive eigenvalue of DD”
and p13 = 4 is the largest eigenvalue of DD™. Suppose k :=
k1 = ko = ks = ky. If k > /8, then, by Corollary 2,

1
< —. 54)
V2 72 (
Using the geometric condition presented in Theorem 2 we
have that v; = 1.33. Thus

1.33 =094 < 1 (55)

1

Y172 NG

and therefore the system with no interagent communication
is stable. Fig. 3 shows simulation results in the case of
no interagent communication with A\* = 2, X;(0) = 1
for i = 1,...,n — 1, and the agents’ initial positions
initialized randomly. Fig. 4 shows simulation results for the
same formation and desired formation size, but interagent

communication is allowed and the communication graph is
equivalent to the unweighted sensing graph with edges point-
ing towards the leader agent removed. The plots demonstrate
that the control strategy with communication converges to
the desired formation more quickly, yet the improvement is
modest.

VI. CONCLUSIONS

In this paper, we introduce increased flexibility and adap-
tivity to the standard formation maintenance problem by
presenting cooperative control strategies that allow a multi-
agent team to dynamically alter its formation size. We have
presented a strategy that relies on interagent communication
and produces a stable cooperative control system given
any desired connected formation, and we have presented a
strategy that relies only on relative position information with
stability results that are dependent on the desired formation
and velocity damping. In the latter case, we have introduced
a simple geometric criterion which may be used with the
small gain theorem to determine stability. In both cases,
these strategies can be combined with other objectives such
as collision avoidance using standard algorithms.

REFERENCES

[1] W. Ren, R. W. Beard, and E. M. Atkins, “A survey of consensus
problems in multi-agent coordination,” in Proceedings of the American
Control Conference, vol. 3, pp. 1859 — 1864, 2005.

[2] R. Olfati-Saber, J. A. Fax, and R. M. Murray, “Consensus and

cooperation in networked multi-agent systems,” Proceedings of the

IEEE, vol. 95, no. 1, pp. 215-233, 2007.

R. Olfati-Saber and R. Murray, “Consensus problems in networks of

agents with switching topology and time-delays,” Automatic Control,

IEEE Transactions on, vol. 49, pp. 1520-1533, Sept. 2004.

[4] A. Jadbabaie, J. Lin, and A. S. Morse, “Coordination of groups of

mobile autonomous agents using nearest neighbor rules,” Automatic

Control, IEEE Transactions on, vol. 48, no. 6, pp. 988 — 1001, 2003.

H. Tanner, A. Jadbabaie, and G. Pappas, “Stable flocking of mobile

agents, part i: fixed topology,” in Decision and Control, 2003. Pro-

ceedings. 42nd IEEE Conference on, vol. 2, pp. 2010 — 2015, Dec.

2003.

[6] J. Lawton, R. Beard, and B. Young, “A decentralized approach to
formation maneuvers,” Robotics and Automation, IEEE Transactions
on, vol. 19, pp. 933 — 941, Dec. 2003.

[7] J. Desai, J. Ostrowski, and V. Kumar, “Controlling formations of mul-
tiple mobile robots,” in Robotics and Automation, 1998. Proceedings.
1998 IEEE International Conference on, vol. 4, pp. 2864 —2869, May
1998.

[8] P. Ogren, E. Fiorelli, and N. E. Leonard, “Cooperative control of
mobile sensor networks: Adaptive gradient climbing in a distributed
environment,” Automatic Control, IEEE Transactions on, vol. 49,
no. 8, pp. 1292 — 1302, 2004.

[9] J. Fax and R. Murray, “Information flow and cooperative control of
vehicle formations,” Automatic Control, IEEE Transactions on, vol. 49,
pp. 1465-1476, Sept. 2004.

[10] H. Axelsson, A. Muhammad, and M. Egerstedt, “Autonomous forma-
tion switching for multiple, mobile robots,” in IFAC Conference on
Analysis and Design of Hybrid Systems, 2003.

[11] M. Mesbahi and M. Egerstedt, Graph Theoretic Methods in Multiagent
Networks. Princeton University Press, 2010.

[12] A. Berman and R. J. Plemmons, Nonnegative Matrices in the Math-
ematical Sciences. Society for Industrial and Applied Mathematics,
1994.

[13] C. Berge, The Theory of Graphs. Dover Publications, Inc., 2001.

[14] H. K. Khalil, Nonlinear Systems. Prentice Hall, third ed., 2002.

[15] A.J. Laub, Matrix Analysis for Scientists and Engineers. Society for
Industrial and Applied Mathematics, 2005.

[3

=

[5

=



