arXiv:submit/1406247 [cs.SY] 16 Nov 2015

On the Mixed Monotonicity of FIFO Traffic Flow
Models

Samuel Coogan, Murat Arcak, Alexander A. Kurzhanskiy*
November 16, 2015

Abstract

At diverging junctions in vehicular traffic networks, congestion on one
outgoing link may impede traffic flow to other outgoing links. This phe-
nomenon is referred to as the first-in-first-out (FIFO) property. Traffic
network models that do not include the FIFO property result in mono-
tone dynamics for which powerful analysis techniques exist. This note
shows that a large class of FIFO network models are nonetheless mized
monotone. Mixed monotone systems significantly generalize the class of
monotone systems and enable similarly powerful analysis techniques. The
studied class of models includes the case when the FIFO property is only
partial, that is, traffic flow through diverging junctions exhibit both FIFO
and non-FIFO phenomena.

1 Introduction

Models of vehicular traffic flow at diverging junctions must account for the
effects, if any, of congestion of one outgoing link on the flow to other outgoing
links. If congestion on one outgoing link negatively impacts the incoming flow to
any other outgoing link, the diverging junction is said to be a first-in-first-out
(FIFO) node model. Otherwise, the diverging junction is said to be a non-
FIFO node model. To the extent that FIFO node models have been studied
in the literature, it is often assumed that complete congestion on one outgoing
link completely blocks access to another outgoing link; we say such a diverging
junction model is a fully FIFO node model. Of particular interest in this note is
the case when the node model is FIFO but not fully FIFO, and we refer to such
models as partially FIFO, see Figure[ll The FIFO effect in traffic flow networks
has been observed even for multilane diverging junctions [T}, 2].
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Figure 1: A traffic network consisting of a diverging junction with one incoming
link and two outgoing links. When traffic flow is assumed to obey the first-in-
first-out (FIFO) property, congestion on link 2 (resp. 3) impedes flow to link 3
(resp. 2) whereas in a non-FIFO flow model, the flow from link 1 to link 2 (resp.
link 3) is independent of the congestion on link 3 (resp. 2). For the FIFO case,
if complete congestion on one outgoing link completely impedes the outgoing
flow from link 1, the node model at the diverging junction is said to be fully
FIFO, otherwise it is partially FIFO.

Whether a node model of a diverging junction is FIFO or non-FIFO affects
the qualitative dynamical behavior of traffic flow through the junction. In [3], a
class of non-FIFO node models are studied. Such non-FIFO node models may
be interpreted in at least two ways: 1) As a relaxation of the FIFO assump-
tion, or 2) As a model in which vehicles always myopically reroute to avoid
congested links. An attractive feature of non-FIFO node models is that the
resulting traffic network dynamics are monotone, as is shown in [3]. Trajecto-
ries of a monotone dynamical system preserve a partial order over the system’s
state [4, [5]. Preservation of this partial order imposes restrictions on the be-
havior exhibited by such systems which is exploited for, e.g., characterization
of equilibria and stability analysis in [3].

In general, FIFO node models are not monotone. In [@], it is shown that a
particular fully FIFO node model is mized monotone, which significantly gen-
eralizes the class of monotone systems. However, a fully FIFO model may be
conservative since complete congestion on one outgoing link completely blocks
flow to other outgoing links. In this note, we study a general class of partially
FIFO node models and show that the resulting dynamics are mixed monotone.

2 Network Flow Model

A traffic flow network consists of a directed graph G = (V, £) with junctions or
nodes V and links L. Let o(¢) and 7(¢) denote the head and tail junction of
link ¢ € L, respectively, where we assume o(¢) # 7({), i.e., no self-loops. Traffic
flows from 7(¢) to o(¥).

For each v € V, we denote by £ C L the set of input links to node v and
by £ C L the set of output links, i.e.,

Ly & {l]o(0) =0} (1)
Ly = {e] r(0) =v}. (2)



For each ¢, we denote by £,” C L the set of links immediately upstream of link
¢, and by £V C L the set of links immediately downstream of link ¢. We say
that links ¢ and k are adjacent if 7(¢) = 7(k) and £ # k and let E'jdj C L be the
set of links adjacent to link ¢. Thus

L& {keL]o(k)=T1(0)} =LY, ®)
L 2 {k e L|7(k) =o(0)} = LY, (4)
E?dj AL {k cL | T(kj) = T(é),k 7é 6} = ﬁ?_?;)\{ﬁ} (5)

Each link ¢ € £ has state z,(t) > 0 evolving over time that is the density
of vehicles on link ¢. We denote the state of the network by z(t) £ {zs(t)}rer-
Vehicles flow from link to link over time; the state-dependent flow of vehicles
from link k to link £ is denoted by fr_¢(z). We assume fi_¢(z) = 0if o(k) # 7(¢)
so that flow is allowed only between links connected via a junction. Furthermore,
vehicles flow to link ¢ from outside the network at rate f_¢(z) and vehicles leave
the network from link ¢ at rate fo_(x) so that

Ty = Z Jroe(x) — Z Jomj(@) + foe(x) — fou(x) = Fy(x). (6)

kel JjEL

In Section Bl we suggest specific forms for fx_¢, f¢e, and f., based on
phenomenological properties of traffic flow. Here, we only assume z evolves on
the invariant subspace X C (Rxg)* where Rsg = {z € R | 2z > 0} and for
all ¢,k € L, we assume each f_¢(x), frm(x), and fr_e(x) is locally Lipschitz
continuous.

We further assume that each fx_¢(z) may be decomposed as

frot(2) = filo(@) + Fil(2) (7)

where f{_,(z) is the flow from link k to link ¢ that is subject to the FIFO
phenomenon and fi%,(z) is the flow from link & to link ¢ that is not subject to
the FIFO phenomenon.

The following captures the fundamental properties of traffic flow networks.

Assumption 1. For all {,k € L, the functions fr-e(z), feo(x), foe(x) are
locally Lipschitz continuous. For all x € X and whenever the given derivative



exists,

g‘:f;f( )>0 Ve, m € L such that m # ¢ (8)
—gfé_‘ (x) <0 Ve,m € L such that m # £ 9)
xm
af — in oL
8£me (z) =0 Ve, k,m € L such that m & L], U ﬁg(ztc) (10)
8f = in ou
ag/;mf( z) =0 Ve, k,m € L such that m ¢ ‘Ca'(k) U EU(Z) (11)
0
g | e | @20 veme £ such thatme £} (12)
jeL
0
i Z JI\T_E (z) >0 Ve, m e L such that m € L,” (13)
jeL
8;(1? Zfé_‘j (x) <0 V¢, m € L such that m € L} (E)UEU(E)7 m # L
m \jeL
(14)
aéfkﬁl( )>0 Ve, k,m € L such that m € E?dj (15)
Tm
aéfk—)f( )<0 Vel k,m € L such that m € E?dj. (16)
Tm

We have the following intuitive interpretations of (&])—(I2]):

e (Eq. [®)) For any m # ¢, increasing the density on link m can only increase

the exogenous flow into link ¢. For example, congestion on link m of the
network may cause vehicles that wish to enter the network to reroute and
enter at link /.

(Eq. @) For any m # ¢, increasing the density on link m can only decrease
the flow that exits the network from link ¢. For example, downstream
congestion on link m may impede the outflow of vehicles via an offramp
on link /.

(Egs. (I0) and ([II))) The flow rate from link k to link ¢ through some
junction v = (k) = 7(¢) € V is instantaneously affected by the change in
density of vehicles on link m only if m is incoming or outgoing of junction
v.

(Egs. (I2) and ([@3)) For any link m immediately upstream of link ¢ (that
is, o(m) = 7({)), increasing the density of vehicles on link m cannot
decrease the net incoming FIFO or non-FIFO flow to link /.



e (Eq. (@) For any link m # ¢ incoming or outgoing from junction o (¢), in-
creasing the density of vehicles on link m cannot increase the net outgoing
flow from link ¢ to other outgoing links.

e (Eq. (@) For any link m adjacent to link ¢, increasing the density of
link m can only increase the non-FIFO flow from an upstream link & to £.
This may occur if, e.g., vehicles reroute to avoid the increased congestion
on link m.

e (Eq. (@) For any link m adjacent to link ¢, increasing the density of
link m can only decrease the FIFO flow from an upstream link & to link £.
This captures the fundamental feature of FIFO flow whereby congestion
on link m may block access to link /.

Requirements (§)—(4) are standard for traffic flow networks. The require-
ment (I5) is found in, e.g., [7, Definition 2] where it is used to establish mono-
tonicity for non-FIFO policies. Requirement (I6) captures the FIFO phe-
nomenon.

3 Examples

We now present several related examples satisfying (8)—(I6]) based on the supply
and demand concept of traffic flow. We assume each link ¢ € £ possesses a jam
density Ty such that x,(t) € [0,Z,] for all time and thus X = [[,..[0,T¢]. We
further assume each link possesses a state-dependent demand function de(xy)
and a state-dependent supply function sg(z,) satisfying:

Assumption 2. For each £ € L:

o The demand function de(xe) : [0,ZT¢] — R is strictly increasing and
Lipschitz continuous with de(0) = 0.

o The supply function se(xy) : [0,Ze] — R is strictly decreasing and Lips-
chitz continuous with s¢(Te) = 0.

The demand of a link is interpreted as the maximum outflow of the link, and
the supply of a link is interpreted as the maximum inflow of the link.

Let R = {¢ € L | L}, = 0}, that is, R is the set of links for which there
are no upstream links. We assume exogenous traffic enters the network only
through R so that

foe(x) =0 forall ¢ ¢ R. (17)

For each ¢ € R, we assume there exists a constant exogenous inflow demand
6y such that

foe(x) = min{dy, se(xe)} for all £ € R. (18)



We further assume that f,_, () is a fixed fraction , of the total outflow from
link ¢ if there are any links downstream of ¢, otherwise fy(z) is equal to the
demand of link /. That is,

. : out
foo(z) = {W 2jec fimi(@) WLy 20y, (19)
de(ze) otherwise

where 7, > 0 for each ¢ such that Eg‘(‘g) £ 0.

Finally, we assume there exist fixed turn ratios 3¢ > 0 for each £ with £,” # 0
that describe how vehicles route through the network. The role of these turn
ratios is made explicit subsequently, but the interpretation is that (5, is the
fraction of the upstream demand that is bound for link ¢. Note that each turn
ratio is associated with an outgoing link and not an incoming-outgoing link pair,
thus at the upstream junction 7(¢), we do not allow different turn ratios for the
different incoming links. Physically, this means that traffic from all incoming
links join at the junction and a fraction 5, of the demand is destined for link £.

It remains to characterize fy_¢(z) for all £,k € L.

Example 1 (non-FIFO). For all ¢ € L, let

= min se(ze)
ap" (x) = {1, e & (Ij)}. (20)

Let ff ,(x) =0 for all k, ¢ € L and let

M(@) = ofF (2)Bedi(zx) VEE L, k€ LD (21)

Example 2 (Fully FIFO). For allv € L, let

F(z) = min min swln)
of (z) = {1, Quin, {Bk > e 4i(2)) }} : (22)

Let fN¥,(x) =0 for all k, ¢ € L and let

Fio(@) = o (@) Bed (xr) VL€ L, VE € L}, (23)

Example 3 (Convex combination of non-FIFO and fully FIFO). Let a}¥(z)
be given as in B0) and let of (x) be given as in @2). Suppose there exists
ne € [0,1] for all £ € L, and let

fE(x) = ’I]gaf(g)(fb)ﬂgdk(ilfk) VleLl, YkeL,® (24)
N (x) = (1 —no)ay® (2)Bedy(zr) VL€ L, Yk € LD, (25)

Example B is proposed in [3, Example 4] and is a natural extension of the
ideas in Examples [I] and B, however it exhibits the following property: it is
possible for a)F (z) < 1 yet Ejeﬁ fij—e(x) < se(ze), that is, the supply of link ¢



restricts the flow to link ¢, yet the total inflow of link /¢ is less than this supply.
This property may be undesirable, depending on the specific phenomena which
the node model is desired to capture. We now suggest an alternative partially
FIFO model inspired by the physical division of an incoming link at a diverging
junction. To fix ideas, we assume that each diverging junction has exactly one
incoming link, that is,

L2 >1 = L' =1 WweV. (26)

Example 4 (Shared and exclusive lanes for a partially FIFO model). Assume
@8) holds. We consider ny € [0,1] for each £ € L representing the degree of
influence on link € of the FIFO restriction at the intersection so that ne is the
fraction of traffic bound for link ¢ that is subject to a FIFO restriction and
(1 —ng) is the fraction of traffic bound for link € that is not subject to a FIFO
restriction. For example, 1 —ny is the fraction of lanes at the diverging junction
exclusively bound for link £ and ng is the fraction of lanes that are shared among
all outgoing links.

Whenever E?dj =0, we assume 1y = 1 without loss of generality. Let of (z)
be given as in 22) for allv € V. For £ € L such that E?dj # 0, let k be the
unique link such that L,° = {k} (uniqueness is guaranteed by (26))), and let

Fio(@) = nea g () Bedi (1) (27)
ne () = min {(1 = 10) Bedi (), se(we) = fiog(2)} - (28)
For 0 € L such that E?dj = (), we have that ny = 1 so that
Fio(@) = o () Bedi (xx)  VE € L}° (29)
noe(z) = 0. (30)

We extend Exampledlto the case where there are multiple sets of interacting
outgoing links that result in a collection of FIFO restrictions.

Example 5. Assume [26) holds. For each v € V with LI # 0, let ®(v) C
P(L™), where P(-) denotes the power set operator, be a collection of subsets of
L% s0 that each ¢ € ®(v), ¢ C LI® is a set links which are mutually governed
by a FIFO restriction. When |LS™] = 1, we assume ®(v) = {L"}.

For ¢ € ®(v) and € L™, let ne, € [0, 1] represent the degree of influence
on link € of the FIFO restriction set w. We make the following assumptions:

(do = m,=0 Yped(r(l) (31)
> <1 Vel vuev. (32)
PED(v)
Define
T=1= > N, (33)

ped(v)



For all v € V such that |L™] > 1, define

a,(z) = min { 1, min { =222 Vo € (v 34
o) =min{1min { LAY v c o) gn
where k is the unique upstream link such that L£n = {k}.

For ¢ € L such that Ejdj # 0, let k be the unique link such that L£,° = {k},
and let

T (@) = nepoy(2)Bede(z) Y € O(7(0)) (35)
fine@) = Y [l (36)
PED(7())
noe(x) = min {7 Bedy. (x1.), s0(w0) — fioe(x)} - (37)
For ¢ € L such that E?dj =0, we again let
fio(x) = o (@) Bedy(wx) Yk € L}F (38)
o (2) =0 (39)

where af(é)(:v) is as given in (22)).

Taking ®(v) = {L£3"'} for all v € V, we see that Example [l is a special case
of Example
All the examples above satisfy

fk_)g(ﬁc) < Bedi(z) Vke LV e Egown (40)
froe(z) < se(z) Vk € LVl € LIV, (41)

If we further assume that Ekeﬁgwn Br <1 and

1
VS = — 1 (42)
Ekeﬁ;}own B
for all ¢ such that Lg‘gg) # (), we have that
" feek(@) + feolx) < de(wy) VEELVr € X (43)

kel
Proposition 1. Ezamples[ [3 [3, [] and[3 satisfy Assumption [1.

Proof. Tt follows straightforwardly from results in [3] that the conditions of
Assumption [I hold for Example [[I and, similarly, it follows from results in [6]
that the assumption holds for Example From Example 1 and Example 2,
the assumption immediately holds for Example Bl We now show that Example
satisfies Assumption [l from which it follows that also Example [ satisfies
Assumption [Il because Example @ is a special case of Example Bl To that end,
we now prove each of condition (8)—(I8) for Example 5.



(Condition B). Follows trivially from (7)) and (I8].

(Condition ([@)). Follows from (I9) and Condition (I4]), proved below, as
well as Conditions ([I0) and (), proved below.

(Conditions ([I0) and ({I))). Follows immediately from the fact that for all
v €V and all p € ®(v), af (z) and ay,(z) are only functions of dy(z¢) for
¢ € L™ and sy(zy) for £ € L2 and from (B7)).

(Conditions (2) and (@3)). Consider £ € £. If |£}?| > 1, then L5Y =
by (26) and

Y orLe@) e q > Bedj(ay), selwe) (44)
jec jecr

S ) =0 (45)
JEL

and thus (I2) and (I3) hold.
Now suppose |£,”| =1 and let £,” = {k} so that

Z ]F—J(:E) = flfﬁf(x) = Z fl::[(x) (46)
JjeL PED(7(0))
> F) = (). (47)
JEL
We have
ay,(z)di(zr) = min{dk(xk),gneig{%fj)}} (48)
and thus (I2) holds by (35) and {@6l]).

Still supposing |£,"| = 1 with £,” = {k}, consider now Condition (I3).
The only possibility for which this condition would not hold is if B%k T (z) >
0 and s¢(z¢) — fi,(x) is the minimizer in (37). But

O fFal) > 0 (49)
ff

only if v, (z) = 1 for some ¢ for which ¢ € ¢ on some neighborhood of = so
that, in particular, s¢(x)/(Bedr(zk)) > 1, equivalently, s¢(x¢) > Bedr(xy).
In this case, since ff_,(z) < Zweq)(T(é)) e, Bedy (), we have that

se(re) = fiae(@) > MeBedi (), (50)

i.e., N¢Bedr(xx) is the minimizer in (B7) and thus (I3) holds.



e (Condition (I4))). Suppose v € V is such that |[£3"| = 1 and let £"* =
{k}. Consider ¢ € £i". Then

> feui(@) = fip = ab () Brde(we) (51)
JEL
. do(we)
=min Brde(xp), =——————sp(Tk) ¢ - (52)
{ E]EL‘,”‘ d ('r])
Since 52—ty < 0 for all m € £ with m # (, and g2%(xx) < 0
(@) holds.

Now suppose |[£9%¢| > 1 so that |£®| = 1, and let £I* = {¢}. From
Ba)—-@D), for all j € L™ we have

fooj (@) = fi (@) + f25(2) € {12 ;(2) + NeBedi(ar), si(x;)} . (53)

Consider some ¢ € ®(v). Then

oy (2)d(2¢) = min {dé(fw)a min {M }} (54)

4

so that %(aw(x)dg (x)) <0 for all m € L. Therefore,

off. . 9
T 0y = S mpeop@fdie) | <0 (5)

0xTm 0xTm
pe®(v)

for all m € £9"*. From (53)), we have that %’;L;j(x) < 0 for all m € L™
so that (I4) holds. Finally, Condition (I4) holds trivially when £ = ()
for all £ € £

e (Condition (I3)). Follows from Condition (I8) below and (B7).

e (Condition (I6])). Follows from (3H), (54)), and the fact that gil (x;) <0
for all i € L.

O

4 Mixed Monotonicity of Traffic Flow

Definition 1 (Mixed Monotone). The system & = G(z), © € X CR"™ where X
has convex interior and G is locally Lipschitz is mixed monotone if there exists
a locally Lipschitz continuous function g(x,y) satisfying:

1. g(z,z) = G(x) for allz € X

10
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(x,y) >0 for all x,y € X and all i # j whenever the derivative exists

dg;

3.
y;

(z,y) <0 for all x,y € X and all i,j whenever the derivative exists.

The function g(z,y) is called a decomposition function for the system.

Theorem 1. The traffic flow network model [@) satisfying Assumption [ is
mized monotone.

Proof. We construct an appropriate decomposition function g(x,y). For each
e L, let

Hay) A x X = X (56)
be defined elementwise as
: adj
Az, y) = {y‘“ HREL” yer (57)
T else
Define
ge(,y) =Y (fineG @) + file@) =D (L () + fi5 ()
kel JjeL
+ foe(z) = foo (@) (58)

and let g(z,y) = {g¢(z,y) }eee. Tt is immediate that ge(x,x) = Fy(z) given in
@) for all ¢ € L.
We first show

09e

x—(:ﬂ, y) >0 for all m # ¢. (59)
To this end, we show
0
Er. (Z (fime (2 () + f;ffe(@)) >0 Vm# L (60)
™ \keL
DS (@ 25@) | <0 vmAe o
™ \jec

which, combined with () and (@) of Assumption [l proves (B9). We have that
(BT) holds for all m € LY}, U Loy} with m # ¢ by (1), and (I0)-(II) ensures

that (GI) holds with equality for all m ¢ EL“( o UL Form € £, (@0) holds
from ([I2)) and ([@3)). For m € Ejdj, we have %(f,f_,é(zé(;v,y)) =0 for all k by

(5T), and afm( NE (x)) > 0 by (I3), satisfying @0). For m ¢ £3Y U L}®, we
have ([@60) holds with equality by (I0)—(I).

11



‘We now show

39@ (

x,y) < 0 for all m # £. (62)
Ym

We have that ([62)) holds trivially for all m ¢ ﬁ?dj. For m € E?dj, we have

09g¢

5 —(,y) DS (@y)) (63)
8ym 8ym JjeEL
<0 (64)
where the inequality follows by (I]). O

We remark that a sufficient condition for mixed monotonicity of © = G(z) is
for each off-diagonal entry of the Jacobian matrix %—f to be sign-stable over the
domain X, that is, either g—%’(m) > ‘gf; () <Oforallze X
for all 4 # j. This condition is proved for the discrete-time case in [8] and the
proof for the continuous-time case is similar. In general, partially FIFO models
do not satisfy this condition; this is attributable to the different sign conditions
in (I5) and (I6) whereby an increase on some link k € Ed J may increase the
non-FIFO flow to link ¢ and decrease the FIFO flow to hnk £. Thus we require
a different construction for the decomposition function as shown in the proof of
Theorem [1l
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