
Low-Discrepancy Perturbation Design for
Numerically Stable Gradient Estimation in

Feedback Optimization
Carmen Jimenez Cortesa, Isaac Monteirob Samuel Cooganc, Senior Member, IEEE ,

Marco Gamarrad, Member, IEEE , and Makhin Thitsab

Abstract— We present a numerically stable gradient es-

timation algorithm for unknown objective functions in

feedback-based optimization settings. Unlike classical ex-

tremum seeking control, which recovers gradient compo-

nents sequentially via distinct demodulation frequencies,

our approach estimates all components simultaneously,

making it well-suited for high-dimensional and multi-agent

systems. The core innovation lies in the use of care-

fully designed perturbations based on low-discrepancy se-

quences, which ensure structured and efficient probing. We

provide theoretical guarantees of numerical stability, and

numerical simulations validate the method’s effectiveness

in an integrated sensing and communication application.

Index Terms— Extremum Seeking, Optimization algo-

rithms, Numerical Algorithms

I. INTRODUCTION

F
EEDBACK optimization control is a strategy that embeds
optimization directly within the feedback control loop,

enabling a system to continuously move toward an optimal
operating point [1]–[4]. The core objective is to adjust control
inputs in real time based on system feedback, with the aim
of optimizing a cost function subject to system constraints.
This method is particularly useful in dynamic systems where
the underlying relationship between control inputs and outputs
may be unknown or difficult to model explicitly. Feedback
optimization control is experiencing renewed interest because
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modern systems must optimize while operating, under uncer-
tainty, time variation, and limited modeling accuracy, condi-
tions under which feedback-based approaches offer a clear
advantage. Recent advances span online and real-time opti-
mization frameworks, with increasing emphasis on robustness
to uncertainty and model mismatch [5]–[8].

Gradient-free optimization methods such as covariance ma-
trix adaptation evolution strategies (CMAES) [9], genetic
algorithms, and neural-network-based approaches offer flex-
ibility for nonconvex and poorly modeled problems, but
they suffer from several important drawbacks. These meth-
ods typically require a large number of function evalua-
tions, making them unsuitable for expensive simulations or
real-time physical systems. Their performance also degrades
rapidly with increasing problem dimension due to growing
population sizes, covariance computations, and exploration
requirements. Moreover, these approaches often lack strong
theoretical guarantees on convergence and numerical stability.
Classical extremum seeking control (ESC) [1], which relies
on sequential, frequency-separated demodulation to recover
gradient components, suffers from frequency interference and
scales poorly with increasing dimensionality.

The work in [10] investigates stochastic perturbations and
proves convergence to the extremum through a method based
on averaging theory. Our approach aligns closely with the
frameworks in [11], [12], which employ multi-perturbation
excitation over a finite horizon or leverage historical data to
recover the full gradient via regression in a single update.
These regression-based schemes are increasingly viable due to
high-speed sensing, which enables high-rate output sampling.
However, convergence to the optimizer critically depends on
the accuracy of the resulting gradient estimate. In particular,
[11] derives bounded estimation error for a batch least-squares
estimator using adaptive step size, while [12] establishes
closed-loop stability via a Lyapunov–Razumikhin argument
in a dither-free least-squares framework. In this work, we
focus on reducing estimation error induced by ill-conditioned
covariance matrices, with emphasis on excitation design that
improves conditioning and thereby tightens gradient estimation
error bounds. As such, we present results on static maps as
opposed to the dynamic maps investigated in [1], [3], [5], [8].

To this end, we introduce a numerically stable algorithm for
gradient estimation of unknown objective functions in feed-



back optimization. The method leverages carefully designed
perturbations based on low-discrepancy sequences to ensure
well-conditioned regression. The key contributions are:

• Numerical stability and efficient probing: The low-
discrepancy perturbation design provides theoretical guar-
antees on a well-conditioned gradient estimation while
enabling structured and efficient probing.

• Application validation: The proposed method is par-
ticularly well-suited for high-dimensional, multi-agent
systems. More specifically, its application is shown in
an Integrated Sensing and Communication (ISAC) frame-
work, key to 6G wireless networks.

Section II reviews the necessary background material. Sec-
tion III presents the mathematical analysis and the main the-
orem. In Section IV, the efficiency of the proposed method is
demonstrated through numerical experiments in an integrated
sensing and communication application. Finally, Section V
concludes the paper.

II. BACKGROUND MATERIAL AND MATHEMATICAL
PRELIMINARIES

A. Notation

In this letter, we let →V (x) represent the gradient oper-
ator applied to V (x), while the subscript notation →xV (x)
specifically refers to the vector of partial derivatives with
respect to the multi-dimensional state x. Lowercase boldface
letters, such as y, represent vectors, whereas italics denote
scalars. For a matrix A, [A]ij refers to the ijth element,
ωmax(A),ωmin(A),ε(A), ↑A↑2 are maximum and minimum
eigenvalues, the condition number and the spectral norm,
respectively. | · | denotes the absolute value, and ↑ · ↑ denotes
the 2-norm. The indicator function is noted as 1(·).

B. Mathematical Preliminaries

We consider a general system model represented as y =
h(u), where u ↓ Rn denotes the control input vector, y ↓

Rp is the measured system output, and h : Rn
↔ Rp is

an unknown and possibly nonlinear mapping from inputs to
outputs. The objective is to minimize a cost function defined
as J(u) = f(y) = f(h(u)), subject to constraints on u and
(or) y. This framework enables feedback-based adjustment
of inputs to achieve system-level objectives in the absence
of an explicit system model. Classical extremum seeking
control (ESC) struggles in high-dimensional systems because
it requires injecting distinct dither signals into each input to es-
timate gradient components. In an n-dimensional system, this
entails n separate excitation frequencies, increasing bandwidth
demands and the risk of frequency interference.

Demodulation-free ESC, as formulated in [11], [12] provide
a more efficient gradient estimation framework. Instead of in-
jecting periodic signals, this approach applies m perturbations
at each iteration or collects m historical data points. These
data points are then used to estimate the gradient of the cost
function more efficiently. Let ϑi ↓ Rn denote the i

th perturba-
tion vector. Assuming small perturbations and differentiability

of the objective function f , we can approximate the function
value at the perturbed input as:

f(u+ ϑi) = f(u) +→f(u) · ϑi + ri,

where ri is the remainder error of the Taylor expansion.
Defining yi = f(u+ ϑi)↗f(u) yields, yi = ϑi

T
→

T
f(u)+ ri.

Stacking m such measurements yields the linear system of
equations:

y = Dm→
T
f(u) + r, (1)

where Dm ↓ Rm→n is the perturbation matrix with rows ϑi
T

and r = [r1, . . . , rm]T . The gradient can then be estimated by
solving a least-squares problem:

ĝ = arg min
g↑Rn

↑y ↗Dmg↑,

which has the closed-form solution: ĝ = (DT

m
Dm)↓1

D
T

m
y.

Substituting (1) yields ĝ ↗ →
T
f(u) = (DT

m
Dm)↓1

D
T

m
r. If

↑r↑ ↘ R, then,

↑ĝ ↗→
T
f(u)↑ ↘

√
ε(DT

m
Dm)

ωmax(DT
m
Dm)

R. (2)

[11] proposed designing an adaptive step size to reduce R,
and hence the error bound. This letter focuses on tightening
this error bound by ensuring that the matrix D

T

m
Dm is well-

conditioned by carefully choosing the perturbation vectors.

III. METHODOLOGY

We propose using low-discrepancy sequences, specifically,
Sobol sequences, to construct the perturbation directions.
These sequences provide quasi-uniform coverage of the input
space, avoiding clustering and ensuring even distribution.
Perturbations are generated by evaluating orthonormal basis
functions at Sobol sequence points [13], and scaling is ap-
plied independently in each dimension to control perturbation
magnitude.

Let PN = {x1, x2, . . . , xN} ≃ [0, 1]d be a set of N points.
The discrepancy of PN with respect to a family A of subsets
of [0, 1]d is defined as:

DN (PN ,A) = sup
A↑A

∣∣∣∣∣
1

N

N∑

n=1

1A(xn)↗ ωd(A)

∣∣∣∣∣ ,

where 1A(x) is the indicator function of A, and ωd(A) is the
Lebesgue measure of A.

The star discrepancy, a specific form of discrepancy com-
monly used in numerical integration, is defined by:

D
↔
N
(PN ) = sup

0↗u↗1

∣∣∣∣∣
1

N

N∑

n=1

1[0,u)(xn)↗
d∏

i=1

ui

∣∣∣∣∣ .

Low star discrepancy ensures better convergence properties
when using these points for function approximation.

Sobol sequences are low-discrepancy, quasi-random se-
quences that fill the input space more uniformly than purely
random samples. Their main advantage lies in their star
discrepancy: for d dimensional Sobol sequences, the star
discrepancy is D

↔
N
(Sobol) = O((logN)d/N). When d = 1,

the Sobol sequence reduces to Van der Corput sequence [14],
whose convergence rate is asymptotically better than that of
random samples, which have D

↔
N
(random) = O(1/

⇐
N).



A. Construction of the Perturbation Matrix
To estimate gradients efficiently in high-dimensional spaces,

it is essential to construct a well-conditioned perturbation
matrix Dm. This matrix is formed using a set of smooth
orthonormal functions and scaling constants that control the
amplitude of perturbations in each dimension.

Let ϖj : R ↔ R for 1 ↘ j ↘ n be a set of smooth
orthonormal functions defined on the interval [0, 1] ≃ R, and
let kj > 0 be dimension-dependent scaling factors. For a set of
m sample points {xi}

m

i=1
drawn from a one dimensional Sobol

sequence, the perturbation matrix Dm ↓ Rm→n is defined
element-wise as: [Dm]ij = kjϖj(xi). Each column of Dm

corresponds to one basis function scaled by a kj , allowing
control over the perturbation magnitude per input dimension.
The full matrix takes the form:

Dm =





k1ϖ1(x1) k2ϖ2(x1) · · · knϖn(x1)
k1ϖ1(x2) k2ϖ2(x2) · · · knϖn(x2)

...
...

. . .
...

k1ϖ1(xm) k2ϖ2(xm) · · · knϖn(xm)




.

B. Properties of DT
mDm

The condition number of DT

m
Dm governs the stability of the

least-squares gradient estimate. The matrix product D
T

m
Dm

has entries:

[DT

m
Dm]pq =

m∑

k=1

kpkqϖp(xk)ϖq(xk), ⇒p, q ↓ {1, . . . , n}.

(3)
Since the functions {ϖj} are orthonormal on [0, 1], the

continuous inner product satisfies:
∫

1

0

kpkq ϖp(x)ϖq(x) dx =

{
k
2

p
, if p = q,

0, if p ⇑= q.
(4)

It is also worth noting that if we define matrix G ↓ Rn→n as:

[G]pq =

∫
1

0

kpkqϖp(x)ϖq(x)dx, (5)

the condition number of G is:

ε(G) = ↑G↑2 · ↑G
↓1

↑2 =
k
2

max

k2
min

, (6)

where kmax = maxj kj and kmin = minj kj .

C. Main Theorem on Matrix Conditioning
Our main theorem in this section provides an upper bound

on the condition number of the matrix D
T

m
Dm based on the

properties of the basis functions and sampling scheme. The
following lemmas: Koksma-Hlawka and Weyl’s inequalities
are key to the proof of the main theorem.

Lemma 1: (Koksma-Hlawka [15]) Let f : [0, 1]d ↔ R be
of bounded variation, and let (xn)Nn=1

≃ [0, 1]d. Then the
following inequality holds.
∣∣∣∣∣
1

N

N∑

n=1

f(xn)↗

∫

[0,1]d

f(x) dx

∣∣∣∣∣ ↘ VHK(f)·D
↔
N
(x1, . . . , xN ),

where VHK(f) is the variation of f in the sense of Hardy and
Krause, and D

↔
N
(x1, . . . , xN ) is the star-discrepancy of the

point set {x1, . . . , xN}.
Lemma 2: (Weyl’s Inequality [16]) Let A,B be Hermitian

matrices with dimension n on an inner product space with
eigenvalues arranged in descending order, ω1 ⇓ . . . ⇓ ωn,
then, |ωk(A+B)↗ ωk(A)| ↘ ↑B↑2, ⇒1 ↘ k ↘ n.

Theorem 1: Let {ϖj : R ↔ R}n
j=1

be a set of smooth,
orthonormal functions on [0, 1] ≃ R. Let kj > 0 for all
1 ↘ j ↘ n, and suppose {xi}

m

i=1
≃ [0, 1] is a set of one

dimensional Sobol sequence sample points. Define the matrix
Dm ↓ Rm→n by [Dm]ij = kjϖj(xi), ⇒1 ↘ i ↘ m, 1 ↘ j ↘

n. Then the condition number of DT

m
Dm satisfies:

ε(DT

m
Dm) =

k
2

max

k2
min

+O

(
logm

m

)
,

where kmax = max1↗j↗n kj , kmin = min1↗j↗n kj .
Proof: We invoke the Koksma-Hlawka inequality, which

bounds the integration error of a function f of bounded
variation VHK(f) using the star discrepancy D

↔
m

of the point
set: ∣∣∣∣∣

1

m

m∑

k=1

f(xk)↗

∫
1

0

f(x)dx

∣∣∣∣∣ ↘ VHK(f) ·D
↔
m
.

Let fpq(x) = kpkqϖp(x)ϖq(x). Then,
∣∣∣∣∣
1

m

m∑

k=1

fpq(xk)↗

∫
1

0

fpq(x)dx

∣∣∣∣∣ ↘ VHK(fpq) ·D
↔
m
.

Hence, from Equations (3),(4) and (5), we obtain the error
bound: (DT

m
Dm ↗ mG)pq = O(logm). Note that D

T

m
Dm

and G respectively defined in (3) and (5) are both Hermitian
and thus satisfy the following form of Weyl’s inequality. Let
E = D

T

m
Dm ↗mG. Then,

|ωmax(D
T

m
Dm)↗mωmax(G)| ↘ ↑E↑2, (7)

|ωmin(D
T

m
Dm)↗mωmin(G)| ↘ ↑E↑2. (8)

Thus, we have:

ωmax(D
T

m
Dm) ↘ mωmax(G) + ↑E↑2,

ωmin(D
T

m
Dm) ⇓ mωmin(G)↗ ↑E↑2.

The condition number then satisfies:

ε(DT

m
Dm) =

ωmax(DT

m
Dm)

ωmin(DT
m
Dm)

↘
ωmax(G) + ↘E↘2

m

ωmin(G)↗ ↘E↘2

m

= ε(G) +O

(
logm

m

)
.

Thus, by (6),

ε(DT

m
Dm) =

k
2

max

k2
min

+O

(
logm

m

)
.

Remark 1: Since VHK(fpq) = O(pq) and p, q ↘ n,
|(E)pq| = O

(
n
2 logm


. Passing from an entry-wise bound

to an operator norm bound introduces an additional factor of
n, yielding the worst-case estimate for the condition number,
ε(DT

m
Dm) = O


n
3 logm

m


. However, this estimate is highly



conservative, as it assumes fully coherent accumulation across
all matrix entries. In practice, the oscillatory structure of the
polynomial products leads to substantial cancellation, and the
effective growth rate of VKH is considerably smaller than the
worst-case O(pq) behavior. Consequently, the observed growth
rate is closer to ε(DT

m
Dm) = O


n
2 logm

m


. This scaling

is consistent with the behavior observed in our numerical
experiments as featured in Figure 1.

Fig. 1: Condition number test for a 10 dimensional problem.
ε(DT

m
Dm) converges to k

2

max
/k

2

min

In systems where the nominal parameter magnitudes are
comparable across dimensions, the ratio kmax/kmin ⇔ 1,
indicating a well-conditioned problem. When the nominal
values vary significantly across dimensions, this ratio can
become large, resulting in a higher condition number, but the
gradient can still be accurately approximated provided that
the condition number remains a reasonably small finite value
(< 103). In practice, the number of perturbations is typically
chosen to exceed the system dimension, i.e., m > n, to
introduce redundancy and reduce the risk of noninvertibility of
D

T

m
Dm. Our theorem shows that, with the proposed structured

perturbation design, DT

m
Dm converges to a well-conditioned

matrix at a significantly faster rate than when random pertur-
bations are used.

Once the gradient is estimated sufficiently accurately, the
inexact gradient descent iteration xk+1 = xk↗ϱ(→T

f(xk)+
ek), where ϱ is the step size and ek = ĝk↗→

T
f(xk) denotes

the gradient estimation error at iteration k, is known to be
input-to-state stable (ISS) under suitable regularity conditions
on the objective function and sufficiently small ϱ. In particular,
sufficiently small gradient estimation errors ensure that the
iterates converge to, and ultimately remain within, a small
neighborhood of the optimum [17]. Figure 2 and 3 compare
the scalability of the classical ESC and our approach for the
minimization of a simple function f(u) =


n

i=1
(ui ↗ 1)2,

with the constraint: ↗5 ↘ ui ↘ 5, ⇒i{1, . . . n}. For the
same problem, Figure 4 compares Low-Discrepancy ESC
with regression-based ESC using random perturbations over
100 runs with n = 20,m = 50. Our proposed method
consistently reduces costs more effectively, outperforming the
best regression-based ESC run at every estimation interval.
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Fig. 2: Objective function over time using traditional ESC.
The perturbation amplitude is a = 0.2, the base frequency is
ς0 = 0.2φ, the frequency spacing is !ς = 0.4φ, and the
filter time constant is ↼ = 1.0. As the number of dimensions
n increases, traditional methods fail to minimize J(û)
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Fig. 3: Objective function over time using Low-Discrepancy
ESC showing convergence for dimensions n = 10, 30, 40

IV. ISAC: INTEGRATED SENSING AND COMMUNICATION

Our proposed method is particularly well suited for high-
dimensional and multiagent problems, with a direct application
being Integrated Sensing and Communication (ISAC). ISAC is
a framework in which the same signals, spectrum, hardware,
and infrastructure are used simultaneously for both wireless
communication and environmental sensing (radar-like func-
tions). One of its key applications is 6G wireless networks,
as it enables devices to communicate while simultaneously
mapping and sensing their surroundings.

We model the ISAC framework as a multiagent problem,
where agents must optimize both a desired formation as well
as maximize the quality of their communication. We model
the multi-agent system as a directed graph G = (V, E), where
V = {1, . . . , N} is the set of all agents and E ↖ V ↙ V is
the set of active communication and sensing links. An edge
(i, j) ↓ E exists if agent i can interact with agent j.

A. Formation Problem
In general, the goal is for each edge (i, j) ↓ E , agents

i and j need to hold a relative position xi ↗ xj ⇔ !ij.
This is achieved using the Lyapunov function V (x) =
1

2


(i,j)↑E ↑xi ↗ xj ↗ !ij↑

2
, where both xi and xj can be



Fig. 4: Comparison of Low Discrepancy ESC and the best-
case (lowest total cost) and worst-case (highest total cost)
trajectories from 100 experiments of regression-based ESC
using random perturbations

measured. V (x) is known, and therefore its gradient can be
obtained analytically.

B. Communication Problem
The communication among the agents in the network is

modeled via the quality function Q(x), which expresses how
good the overall sensing is. In general, Q(x) is not known,
but can be measured. We propose the following Q(x):

Q(x) =
∑

(i,j)↑E

1

ε
log


1 + exp


e
↓ω↘xi↓xj↘2

(9)

↗

∑

k↑Ni\{j}

e
↓ω↘xi↓xk↘2

cos2
(
↽̃ijk


g
(
↽̃ijk




↽̃ijk = arccos


tanh


ϱ

(xj↓xi)·(xk↓xi)

↘xj↓xi↘ ↘xk↓xi↘+ε



tanh(ϱ)


(10)

g(↽̃ijk) =
1

2


1 + tanh

(
s(ϑ

2
↗ ↽̃ijk)


. (11)

Q(x) can be interpreted as the addition of two different
penalties. First, a distance penalty, which penalizes agents
trying to communicate for being too far apart, and second,
an interference penalty, which accounts for external agents k

blocking the communication line of sight between two other
agents i and j. In equations (9) and (10), ⇀ > 0 controls
the decay of the distance-based interaction term, ϱ > 0 the
smoothness of the angular clipping, s > 0 the steepness of the
gating transition near φ/2, ε > 0 the softness of the softplus
activation, and ⇁ > 0 is a small numerical constant to prevent
division by zero.

C. Updated Lyapunov function
To simultaneously optimize the formation of the agents

and their communication quality in the network, we combine
functions V (x) and Q(x) in the new Lyapunov function:

Ṽ (x) = V (x) + ωQ(x)↓1
. (12)

Minimizing Ṽ (x), encourages a larger Q(x) and smaller
V (x). If the communication quality deteriorates and Q ↔ 0+

then Ṽ would cause the agents to push far away from their
current states. Note that

→xṼ (x) = →xV (x)↗ ωQ(x)↓2
→xQ(x). (13)

Applying the gradient descent law ẋ = ↗→xṼ (x), we
obtain the stacked system dynamics:

ẋ = ↗→xV (x) + ωQ(x)↓2
→xQ(x). (14)

To solve this dynamics, we compute →xV (x) analytically, we
measure ωQ(x), and we estimate →xQ(x) by proposed low-
discrepancy ESC. Ṽ (x) is robust to small values in Q(x)↓1

as V (x) enforces formation constraints that prevent the edge
cases where Q(x) ↔ 0+, specifically, divergence and overlap
of neighboring agents.

D. Numerical Results
We simulate a network of six agents, each modeled with

single integrator dynamics [ẋ1, ẋ2]T = [u1, u2], yielding a
twelve-dimensional problem. The shifted Legendre polynomi-
als orthonormal on [0, 1] are selected as the basis functions, ϖj

1. This choice was motivated by implementation convenience
rather than a comparative performance analysis of various
polynomial types. We run two different simulations. In both
cases, we use ω = 10, a perturbation amplitude of 0.05,
ϱij(·) = 1, and ⇀ = 1,ϱ = 5 · 10↓4

, s = 10,ε = 1, ε = 10↓8.
In both simulations, the agents start evenly distributed

around a circle, and the chosen desired formation is a 2 by 3
grid. Note that these simulations maintain a constant number
of total gradient updates, which we denote as “batches”. The
circular formation is ideal for communication, as it reduces
the interferences among agents to a minimum. Once the agents
start displacing, the communication deteriorates, causing the
“drop” shown in Figure 5. At their final positions, both the
formation and quality are such that Ṽ (x) is minimized. The
values of Ṽ (x), V (x) and Q(x) over the simulation horizon
are included in Figure 5. Starting with Ṽ (x) = 87.481,
V (x) = 87, and Q(x) = 20.813, after 500 batches, we yield
the final values Ṽ (x) = 0.491, V (x) = 3.81 · 10↓4, and
Q(x) = 20.384. With 60 perturbations, and the same initial
values of Ṽ (x), V (x), and Q(x) we yield the final values
Ṽ (x) = 0.491, V (x) = 3.79 · 10↓4, and Q(x) = 20.384,
which are almost identical to those obtained with only 24
perturbations per estimating, highlighting that a substantial
reduction in number of perturbation does not degrade the
performance significantly.

Lastly, we also include a comparison of the individual
gradient components over the entire simulation horizon in
Figure 6 for the case with only 24 perturbations, and Figure
7 shows the individual gradients for 60 perturbations. The
solid lines represent the our proposed Low-Discrepancy ESC
technique, while the dashed lines denote the finite difference
benchmarks for each of the 2N dimensions. Despite using

1Normalized Legendre polynomials are orthonormal on [→1, 1], whereas
the Sobol sequence is defined on [0, 1]. Therefore, the normalized shifted
Legendre polynomials Pn(2x→ 1) are used.
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Fig. 5: Objective function Ṽ (x) and its components over 500 batches, with 24 perturbations per gradient estimate

only 24 perturbations in a twelve-dimensional setting, the
gradient components are estimated reasonably well. When the
number of perturbations is increased to 60, the estimates track
respective gradient component with excellent accuracy.
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Fig. 6: Comparison of estimated gradient components and true
gradient components over batch iterations using 24 perturba-
tions in twelve-dimensional setting (first 250 batches).
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Fig. 7: Comparison of estimated gradient components and true
gradient components over batch iterations using 60 perturba-
tions in twelve-dimensional setting (first 250 batches).

V. CONCLUSION

We presented a method for estimating the gradient of an
unknown function using low discrepancy perturbations. Pertur-
bations are generated using low-discrepancy Sobol sequences
and orthonormal basis functions, providing strong numerical
stability. Theoretical analysis and simulations demonstrate the

numerical stability and efficiency of the method, particularly
in high-dimensional settings. The effectiveness of our method
is demonstrated in the Integrated Sensing and Communication
application in the multi-agent setting.
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